We aim at studying gasodynamic vortex cooling in an analytically solvable, thermodynamically consistent model that can explain limitations on the cooling efficiency. To this end, we study a angular plus radial flow between two (co-axial) rotating permeable cylinders. Full account is taken of compressibility, viscosity and heat conductivity. For a weak inward radial flow the model qualitatively describes the vortex cooling effect-both in terms of temperature and of decrease of the stagnation enthalpy-seen in short uniflow vortex (Ranque) tubes. The cooling does not result from external work, and its efficiency is defined as the ratio of the lowest temperature reached adiabatically (for the given pressure gradient) to the actually reached lowest temperature. We show that for the vortex cooling the efficiency is strictly smaller than 1, but in another configuration with an outward radial flow, we found that the efficiency can be larger than 1. This is related to both the geometry and the finite heat conductivity.
I. INTRODUCTION
Air swirling through a cylindrical tube achieves temperature separation: next to the swirling axis the temperature is lower than the input temperature T 0 , while far from the axis it is higher than T 0 . This is the vortex cooling-heating effect discovered by G. Ranque more than 80 years ago [1, 2] ; see [3] [4] [5] [6] for reviews. A temperature separation without cooling was observed also in highly-pressurized water [7] . An overall cooling (both output temperatures lower than T 0 ) was seen for certain vortex tubes [8] .
Coolers based on the Ranque effect are convenient in specific applications, e.g. because they do not have moving parts. However, their efficiency is smaller than 1. Much effort was devoted to increase it, but the best efficiency is still ≃ 0.6 [4, 6] .
The flow inside the Ranque tube is highly complex: it is essentially three-dimensional and turbulent. Two configurations have been used: counter-flow and uniflow [3] [4] [5] [6] . In counter-flow vortex tubes the output flows are collected from two different ends of the cylinder, the cold air is extracted from a small aperture around the axis and close to the injection point, while the hot air comes out from the opposite end of the cylinder without being collimated close to the axis [3] [4] [5] [6] . Such tubes have both radial [3, 4, 9] and axial temperature separation [5, [10] [11] [12] [13] . In the uniflow situation the air is injected circumferentially at one end of the tube, and both output flows are collected from the opposite end [3, 14] . This radial temperature separation takes place close to the injection point of the air [15] . * Published as A. E. Allahverdyan and S. Fauve, Phys. Rev. Fluids 2, 084102 (2017).
The full theory of the Ranque effect is elusive; there are several different approaches that attempt to describe the complex three-dimensional flow inside of the tube [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In particular, it is unclear what are the minimal ingredients needed to describe the effect.
Given the complexity of the original Ranque effect, and the necessity of understanding general limitations on the efficiency of gasodynamic cooling, it is desirable to come up with a simpler cooling set-up, where the complexities of the original Ranque effect are deliberately omitted. The quest for such a simplification was already considered in Ref. [27] , where Savino and Ragsdal reported on an experimental realization of a short uniflow tube, where the flow is injected from the surface via permeable rotating wall, and the colder air is collected from the axis [27] . Axial separation of temperature is absent, and the whole outgoing flow is cooled [27] .
Guided by this experiment, we aim at understanding the phenomenon of vortex-and more general gasodynamic-cooling on a possibly simple theoretical model. We focus on a compressible angular flow between two rotating cylinders plus a radial motion via permeable cylinder walls; see Fig. 1 . We work with a compressible flow, because experimental angular velocities are nearly sonic [4, 27] . Moreover, once we are interested by thermodynamic aspects (i.e. cooling efficiency), it is desirable to work in the compressible situation, where the thermodynamic description of the flow is complete and consistent 1 . We assume that the flow is viscous, because (according to the Bernoulli's theorem) the adiabatic motion of the fluid does not predict cooling in terms of stagnation enthalpy.
However, precisely such cooling is observed experimentally [27] 2 . Hence viscosity is important [6] , and then heat-conductivity is to be accounted for simultaneously with viscosity, because the Prandtl number of air is close to one both in laminar and turbulent regimes.
Our first result is that in the stationary regime of a weak radial flow and a quasi-solid angular (vortical) motion, the model predicts cooling both in terms of thermodynamic temperature and stagnation enthalpy. The efficiency of this cooling is smaller than 1. This qualitatively agrees with experiments [27] . The agreement is achieved by using effective (turbulent or eddy) values of viscosity and heat-conductivity in the laminar flow model. Such an approach is well-known [29] . Using turbulent diffusivites is crude but provides qualitative results [22] [23] [24] that allow a theoretical understanding of the cooling effect.
The model predicts a stronger cooling effect for (radially) outward flow of fluid. The unique feature of this effect is that its cooling efficiency is larger than 1, i.e. the pressure gradient is employed more efficiently than for the adiabatic process. This effect agrees with the second law, and it is possible due to heat-conductivity.
Scenarios of cooling studied here do not amount to refrigeration, i.e. they are not achieved by investing an external work. Naturally, they do not result either from boundaries maintained at low temperature by a heat bath; to ensure this we need to pay a special attention to boundary conditions. Hence cooling efficiency is defined as the ratio of the lowest temperature reached adiabatically (for the given pressure gradient) to the actually reached lowest temperature.
Cylindrical vortices with radial flow were already studied in Refs. [23, 25, 26, [30] [31] [32] [33] [34] [35] [36] [37] , but the problem of finding cooling scenarios with proper boundary conditions was (to our knowledge) not posed. Dornbrand [25] and later on Pengelley [26] studied the problem precisely having the same purpose as we: to get a solvable model for vortex cooling. But they did not account for boundary conditions and heat conduction and thus did not obtain proper cooling. Pengelley proposed a necessary condition for cooling that relates to the work done by viscous forces [26] . Below we show that under certain additional limitations this condition is indeed able to produce cooling. Refs. [22] [23] [24] used simplified turbulence theories of various types that account for radial heat conductivity and viscous vortex motion. A related, but more complete turbulent theory that also accounts for axial motion was given in Ref. [30] . Refs. [31, 33, 35, 36] focus on a laminar flow in the incompressible limit (but they account for axial motion). As our analysis shows, compressibility does not need to be large, but retaining it-and hence allowing for the proper coupling between thermodynamics and mechanics-is necessary for the proper theoretical description of cooling. Ref. [32] did not employ the incompressible limit, but studied the problem without the outer cylinder. Several studies on convective heat transfer between concentric cylinders are reviewed in [38] [39] [40] .
The paper is organized as follows. Next section defines the problem and sets notations and dimensionless parameters. There we also discuss general limitations (in particular, on the cooling efficiency) imposed by the first and second laws. Section III focuses on the definition of cooling, which is not trivial (especially for permeable walls) and thus demands clarifications. Cooling scenarios of inward radial flow are studied in section IV. The extent to which this scenario agrees with experiments is discussed in section V. Section VI discusses the cooling of outward radial flow and shows that its efficiency is larger than one. Concluding remarks are given in the last section. Several technical questions are relegated to Appendices.
II. THE MODEL

A. Navier-Stokes equation
The flow between two rotating concentric cylinders is described via cylindric coordinates (r, φ, z), and v = (v r , v φ , v z ) are components of the velocity. We assume that all the involved quantities depend only on r, e.g. v = v(r). We also assume that v z = 0, since in the context of our problem it is useless to keep v z = 0, if it is a function of r only. A schematic representation of the flow is displayed in Fig. 1 .
In the stationary regime the Navier-Stokes equations for v r and v φ read [29] :
where p is pressure, η and ζ are viscosities, ρ is the mass density; see Table I . We assume that η and ζ are constants, i.e. they do not depend on p, ρ or T . Conservation of mass reads ( ∇ is the gradient):
where c (a positive or negative constant) characterizes the radial flow. Eqs. (2, 4) transform to
This is a homogeneous equation linear in v φ . Its two independent solutions are obtained by putting v φ ∝ r a into (5) . The latter produces a quadratic equation for a. This equation has two solutions a = −1 and a = 1 + c η . We now impose boundary conditions on (resp.) inner and outer cylinder
where r 2 > r 1 . Then (5) and (6) are solved as a linear combination of a = −1 and a = 1 + c η solutions of (5):
where we introduced the dimensionless coordinate x; see Table I . Eq. (8) is a weighted sum of two contributions: a potential vortex 1/x and a quasi-solid vortex x 1+k . The weight α can hold both α > 1 and α < 0.
B. Energy equation
The fluid energy equation reads [29] ∂ t (
where ρ v 2 2 + ρε is the energy density (kinetic energy plus internal energy), ρ v( v 2 2 + ε) is the advective energy flux, p v is the pressure-driven energy flux, T is absolute temperature (measured in Kelvins), ∇(λ∇T ) is the heat flux with heat conductivity λ (we assume that λ does not depend on p, ρ and T ), µ k = − j v j σ jk is the energy flow due to viscosity, and σ jk is the stress tensor [29] .
With the assumptions and in the stationary regime the energy flux is c e /r, where c e is a constant [cf. (4) ]:
Here E is the full energy (kinetic + internal + potential) per unit of mass; −λ dT dr is the heat flux due to the radial temperature gradient; σ rr and σ rφ are the components of the stress tensor [29] , v r σ rr (v φ σ rφ ) is the rate of radial (angular) work done by viscous forces. Eqs. (11) (12) (13) (14) express the first law for the radial flow.
Eqs. (1) and (11) become closed after specifying the thermodynamic state equation; we choose it by assuming that the fluid holds the ideal gas laws [see Appendix A]: p = RρT /µ, (15) 
where c p > 0 is the (constant) heat capacity at fixed pressure, andĉ p is a dimensionless number of order 1 (e.g.ĉ p ≈ 3.5 for air); see Table I . R = 8.314 J/K is the gas constant and µ is the molar mass (29 g for air).
C. Dimensionless parameters and variables
Employing (13) (14) (15) (16) (17) in (11) , and (15, 16) in (1), we end up with the following dimensionless form of (respectively) (11) and (1):
where x = r r2 [cf. (7, 9) ], prime means d dx , e.g.
and where we introduced [cf. Table I] :
Here |κ| is the Reynolds number related to the radial flow, while b/κ is the Prandtl number. These and other dimensional and dimensionless parameters of the systems are discussed in Table I . The angular Mach number Ma of the outer cylinder reads via the above parameters as
where v sound = cpT (ĉp−1) = ĉp cp−1 p ρ is the speed of sound for the ideal gas; see (15) and [29] . The constant β in (18) can be related toT ′ (1) viav ′ φ (1) [see (8) ]: 
The weight of the quasi-solid vortex in the angular motion
|κ| is the Reynolds number related to the radial flow b = ccp/λ * (22) |b| is the Peclet number β * (23, 11) |β| is the analogue of the Reynolds number related to the radial flow of energy The scaling over v 2 employed in (21) and in (7) does have a physical meaning, since below we show that cooling (i.e. temperature decrease) relates to the angular motion of the cylinders. The choice of the dimensionless temperatureT is also a reasonable one because, using typical values of experiments [4, 27] , we findT ∼ 1. Indeed, using (21) we obtain
where v sound is the sound velocity, and where Pr ≡ ηc p /λ and Ma = v φ (r 2 )/v sound are the (resp.) Prandtl and Mach numbers; cf. (24) . Recall thatT (1) =T (x = 1), where x = r/r 2 ≤ 1 is the dimensionless length. For air we take in (26): c p = 10 3 J/(kg K) and v sound = 3.31 × 10 2 m/s. In vortex cooling experiments, the input air has Ma ∼ 1 [4, 5] . Also Pr ∼ 1 holds for air 3 . For an inward flow c < 0, the input temperature is T (r 2 ). We get for it:
Thus room temperature T (r 2 ) ≃ 300 K meansT (1) ≃ 3.
However, the above scaling of the dimensionless tem-peratureT is not applicable for v 2 → 0. Then we should change v 2 → v 1 in (21, 23) and take instead of (7) v
E. First law
Using (21-23), the energy balance (11) can be written in terms of dimensionless, local rates of energy E, radial work W r , angular work W φ and heat Q:
where we employed (21) (22) (23) and (6) (7) (8) (9) .
The first law reads from (11):
where ∆ E ≡ E(1)− E( r1 r2 ) etc. Note that ∆( W r + W φ ) > 0 means that the system does work on the external sources which immerse the fluid into the system and rotate the cylinders, i.e. the work is extracted 4 . We stress that this model of cooling is not completely autonomous, since it contains moving boundaries. The condition ∆ W r +∆ W φ ≥ 0 means that cooling (if it is shown to exist) is not due to external forces that move boundaries.
Let us also give the dimensionless form of the stagnation enthalpy:
which differs from (29) by the factor c/η only.
F. Angular work
The work (30) done by rotating cylinders can be calculated in a closed form from (7, 9, 14) :
Now radially outward flow means κ ≥ 0 or c ≥ 0; see (23) . For this case we checked numerically that ∆W φ ≤ 4 Note from (10) that the integral ∂V d s µ, over a closed surface ∂V is the work done by viscosity forces on the substance enclosed into ∂V. The sign of the work is determined as follows: with the normal vector s of ∂V pointing outside, the integral contributes into −∂t V dV ( ρ v 2 2 + ρε); see (10) . Hence a positive ∂V d s µ means that the fluid in V does work on external sources. 0, i.e. the cylinders always invest work. In particular,
For inward flow κ < 0 there are situations, where ∆W φ > 0, i.e. the work is extracted. Note from (7, 8) that κ < 0 means that the angular velocity v φ /r is a decreasing function of r.
G. Cooling efficiency
Any cooling process that is due to a pressure gradient can be usefully compared with the thermodynamic entropy-conserving (adiabatic) process, where the same pressure is employed for cooling. Let (p in , T in ) and (p out , T out ) be, respectively, the input and output pressure and temperature, and cooling T out < T in is achieved due to p out < p in . For the considered ideal-gas model, the lowest temperature T out, ad reached adiabatically reads [see Appendix A]:
whereĉ p is defined in (16) ; see also Table I . Hence one defines the cooling efficiency [41] :
which has the standard meaning of efficiency (result over effort), since the achieved result of cooling is related with 1/T out . The pressure difference is a resource and it is quantified by 1/T out, ad , hence definition (37) 5 . When quantifying cooling, people sometimes employ the Hilsch efficiency [2, 4] :
The meaning of ξ H differs from that of ξ, because ξ H directly accounts for the input temperature T in . But they are related. As shown by (37) , for T in − T out, ad > 0 (a natural condition for cooling), ξ < 1 (ξ > 1) implies ξ H < 1 (ξ H > 1). However, ξ H is less fundamental than ξ, since it does not appear directly in the efficiency bound imposed by the second law. We discuss this bound now.
H. Second law bound for cooling efficiency
The entropy balance of the fluid reads [29] 
where ρs is the entropy density, sρ v and − λ T ∇T are, respectively, advective and thermal entropy flux. The entropy production s prod > 0 is positive due to viscosity and heat conduction 6 . In the stationary situation ∂ t (ρs) = 0, and (39) reads:
where we used (4) . The ideal-gas entropy is [cf. Appendix A]:
where we employed (15) (16) (17) . We consider two particular cases of the adiabatic process (36) :
Now (37, 40, 42, 43) imply:
Integrating (40) over r for r 1 < r < r 2 , using s prod > 0, (41) , (36) and (44), we get from (42, 43) an upper bound for the efficiency (37) that applies to both (42) and (43):
where |b| is the Peclet number; see (22) and Table I . The right-hand-side of (45) is non-zero due to heat conductivity. Hence if the heat-conduction is neglected (i.e. λ = 0) the cooling efficiency holds ξ < 1; see (45) . We stress again that the inequality in (45) is due to positivity of the entropy production: s prod > 0.
III. BOUNDARY CONDITIONS FOR COOLING AND FOR PERMEABLE WALLS
When studying cooling due to a confined gasodynamic flow one should exclude physically uninteresting cases, where the fluid is cooled due to cold thermal baths attached to boundaries or due to external work done by external forces.
Cooling demands that the temperature of the (radially) incoming fluid is larger than the temperature of the outgoing fluid. If there is a low-temperature boundary bath, the flow should be thermally isolated from it (adiabatic cooling). Whenever the radial flow is absent, 6 The entropy production reads [29] :
thermal isolation is ensured by imposing vanishing heat flux at boundaries, e.g. at the outer boundary:
If there is a flow through boundaries (i.e. permeable or porous walls), (46) does not hold, because there is a heat conductivity due to the fluid at the boundary. In addition to known conditions for continuity of temperature and heat flux [29] , there is now a specific condition to be satisfied on the adiabatic, permeable surface. To understand the origin of this condition, let us "decompose" the macroscopically homogeneous, permeable adiabatic outer surface into holes and solid parts. Recall that (r, φ, z) are the cylindric coordinates. Now for (φ, z) ∈ hole and a small positive δ, we get that
dr T (r 2 )| after averaging over (φ, z) that recovers the macroscopically homogeneous permeable wall. Hence instead of (46) we obtain the following boundary condition
where sign[a] = 1 if a ≥ 0 and sign[a] = −1 if a < 0, and where the second inequality in (47) follows from the first one under d dr T (r 2 ) = 0 and δ → 0+. Naturally, the first inequality in (47) also holds for d dr T (r 2 ) = 0, i.e. for an adiabatic wall.
Likewise, we have for the thermally isolated inner wall (for δ → 0+):
We stress that in the present model (with or without the radial flow) it is trivial to get arbitrary low temperatures in between of two cylinders. But generally these temperature profiles do not hold the boundary conditions (47) or (48), i.e. such scenarios of low temperatures do not constitute proper cooling, since they require that low temperatures pre-exist via boundary baths. In particular, Appendix B works out the Couette flow (laminar flow between 2 infinite rotating cylinders without radial motion) showing that the inhomogeneous temperature profile generated in this flow does not constitute cooling.
Conditions similar to (47, 48) are deduced for the radial velocity v r on a partially permeable wall. This is similar to the previous case in that v r = 0 for an impermeable wall; see (46). A derivation analogous to that of (47, 48) produces [cf. (4) ]
for the outer and inner wall, respectively. In the present model there are no solutions that support conditions (47, 48) and (49, 50) for both inner and outer permeable walls. Thus we should put them on the wall from which the cold flow is coming out (to ensure that low temperatures do not exist before cooling), and left the other boundary as a control surface assuming that both the velocity and temperature on this surface are given.
IV. COOLING OF INWARD FLOW
A. Temperature profile for a weak radial flow Recall from (21) and (9) that κ and w(x) are different dimensionless quantities although both are non-zero due to radial flow. We assume that w(x) and its derivatives are small. Hence factors ( κ 2 + 2) w 2 (18) . This can be done provided that x is not very small. But the influence of the radial flow on the vortex characteristics is not neglected, i.e. κ = 0; see (6) (7) (8) (9) . Now the remainder of (18)
where C is a constant, and where
Now β and C in (51) are conveniently expressed viaT (1) andT ′ (1), and the temperature profile reads from (51):
The approximation that led to (53, 52) is confirmed by solving numerically full equations (18, 19) ; see Figs. 2 and 3. So far the weak radial flow approximation amounted to neglecting the radial velocity v r in the energy equation (18) , but retaining it in the angular Navier-Stokes equation (2); see also (6) (7) (8) (9) . If we neglect the radial velocity v r also in the radial Navier-Stokes equation (1) [or equivalently in (19) ] we obtain ρ(r)v 2 φ (r)/r = dp/dr.
This known equation is solved as 7
7 Let us mention the simplest (but incorrect) argument for the whereT (x) andv φ (x) are given by (53, 52) and (7, 8) , respectively. Eq. (55) shows that the (dimensionless) pressure is a monotonically increasing function of x.
There are cases, where (53, 52) are valid, but (54) [and (55)] is not. In section VI we show an important example of this type, where even if w(x) → 0 is imposed in the vicinity of x = 1, it does not hold for x < 1, because w(x) grows fast.
B. Boundary conditions for inward radial flow
For inward flow c ≤ 0 (hence b ≤ 0 and κ ≤ 0) we study cooling scenarios, where the higher temperature fluid enters into the system through the outer boundary at x ≡ r/r 2 = 1. Now for adiabatic boundary conditions, the lower temperature fluid leaves the system through the inner thermally isolated boundary at
No specific conditions are put at x = 1, i.e. it is taken as a control surface. The adiabatic boundary condition (56) relates to the isothermal situation
whereT (x) assumes a minimum at some x = x min . Whenever (57) holds, one can take x 0 x min and this produce an example of (56).
Eq. (57) does not refer to a practically useful situation, since no cold fluid really comes out. Nevertheless, it is interesting, since the expected of behavior of the temperature is that it is larger inside of the fluid, i.e. forT (1) =T (x 0 ) we expectT (x) >T (1) =T (x 0 ) [29] . (The expectation is also confirmed by the example of the Couette flow in Appendix B.) This is because viscosity-which dissipates energy in the bulk of the fluid-generates heat that must be transported out of the boundaries [29] . The expected behavior holds for c > 0. But there are isothermal and adiabatic cooling scenarios for c < 0; see Figs. 2 and 3. We now turn to discussing them.
Ranque effect. Setting ρ(r)=constant in (54) and using the ideal gas law T (r) ∝ p(r), shows that T (r) is an increasing function of r (i.e. a radial temperature separation is achieved), formally resembling the Ranque effect. The problem with this argument is that imposes a constant ρ. This may look formally consistent with other equations, but it is incorrect, e.g. because it applies also for vr = 0 (no radial motion whatsoever), while our detailed analysis of this vr = 0 situation shows that no cooling scenarios are possible, because the proper boundary conditions are not satisfied; see Appendix B.
C. Cooling via quasi-solid vortex
Let us start with a quasi-solid vortex in (7, 8) :
The temperature for this situation reads from (53, 52):
Let us see to which extent (59) can hold condition (57). NowT ′ (x min ) = 0 leads to
Eq. (60) means thatT ′ (x min ) = 0 has only one solution.
Since this solution ought to be a minimum [cf. (57)], we have to requireT ′ (1) > 0 that together with 0 ≤ x ≡ r1 r2 ≤ 1 leads from (60, 61) to κ(1 + κ) < 0 and 2(1 + κ) > b, or equivalently to
Thus under conditions (62)-and naturally x 0 sufficiently smaller than x min -we get an isothermal cooling scenario (57). Taking x 0 x min we get instead an example of the adiabatic scenario (56); cf. the discussion after (57). Eq. (58, 62) imply a quasi-solid vortex that is frequently observed experimentally. Examples of the above cooling scenario are presented in Figs. 2 and 3 for isothermal and adiabatic scenarios, respectively. Naturally, the cooling takes place both in terms of (thermodynamic) temperatureT and stagnation enthalpyÛ . We shall see below that conditions (58, 62) are sufficiently representative, i.e. more general cooling scenarios implied from (53) are close to those predicted by (58, 62).
D. Magnitude and efficiency of cooling
Both adiabatic and isothermal cooling scenarios lead to relatively weak effects in the sense of
The cooling magnitude in terms of stagnation enthalpy is larger; see Figs. 2-4. The efficiency (37) of cooling under condition (56) is smaller than 1:
Whenever d dr T (r 1 ) is sufficiently small, (64) follows directly from the second law bound (45) For both isothermal and adiabatic cooling scenarios we obtain from (44, 64) for the entropy difference:
Hence the final entropy is always larger than the initial one: s(r 1 ) > s(r 2 ).
E. Work and energetics
As shown by (35, 58) , the work done by rotating cylinders is positive under conditions (62):
which means that the work is extracted. The work W r done by radial external forces is small, but negative (i.e. it is invested), and the overall work is positive; see Figs. 2 and 3. Thus the set-up does not demand an external investment of work 8 : cooling takes place due to the initial pressure larger than the final one, p(1) > p(x 0 ). In other words, cooling takes place due to the initial potential energy of the fluid. Under isothermal boundary conditions both thermal baths (at x = 1 and x = x 0 , respectively) provide heat to the system. Using (57, 58) (and the fact that w(x) is assumed to be small), we get from (29, 33) 
which is negative due to (58). Hence we also get cooling in terms of the stagnation enthalpy; see (34, 29) . Eqs. (66, 67) are consistent with the first law (33) , which for the present situation reads:
These features hold for other cases of isothermal and adiabatic cooling. Fig. 4 shows an isothermal scenario with α = −0.5, wherev φ (x) is again a concave, increasing function of x. Fig. 3 demonstrates an adiabatic cooling scenario that does not reduce to the isothermal case (whenever the latter holds one can obtain an adiabatic scenario by taking x 0 > x min ). 8 We mention another scenario of cooling, which is realized for the inward flow and the potential vortexv φ (x) = 1/x; see (8) with α = 0. This scenario is less interesting, since it is driven by external investment of work [W ′ φ < 0, as seen from (69, 70)], while its efficiency and magnitude hold the same constraints (64, 63). An interesting point of this scenario is that it is accompanied by the kinetic energy that increases in the direction of the flow: Let us write from (11, (29) (30) (31) (32) 
(68)
In (68) we assume that isothermal boundary conditions hold for c < 0; hence b and κ are negative. Now [− E(x)] ′ > 0 for x min x, because this means cooling in terms of the stagnation enthalpy. One also has [xT ′ (x)] ′ > 0 for x min ≈ x. It appears also that [− W r (x)] ′ > 0 has the same sign as [− E(x)] ′ > 0. Moreover, it quickly prevails over other factors; this is why for c < 0 cooling exists only in the weak radial flow situation, where W r → 0.
Thus for holding (68) and achieving cooling we need
which-using (30, 7, 8) -is equivalent to
Hence the validity of (69) (at least for certain values of x), i.e. the positivity of work, is a necessary condition for both isothermal and adiabatic cooling in the regime c < 0. This condition was obtained in [26] , but its necessary character was not properly stressed, in particular, because the heat conductivity and boundary conditions necessary for cooling were neglected. In particular, (69) can lead to mistakes if it is taken as a sufficient condition for cooling.
F. Dependence of temperature profiles on the radial Reynolds number κ
The radial Reynolds number κ = c/η [see Table I ] combines the radial flow c and the viscosity η. Hence it is important to understand how the cooling temperature profiles depend on κ.
Now κ can change-from one fluid to another-due to c and/or due to η. We shall focus on the later scenario recalling that η can be an effective (eddy or turbulent) viscosity; see section V for details. Anticipating some of discussions from section V, we recall that the effective viscosity changes together with the effective heatconductivity λ such that the Prandtl number Pr = b/κ is roughly a constant (also in the turbulent regime) [45] . We also assume that the quasi-solid condition (58) holds, i.e. the ratio v 1 /v 2 changes together with κ so that α = 1 is kept fixed. All these conditions are observed in vortex tubes [4, 27] . Fig. 5 shows temperature profiles (53) for different values of κ. (Recall that the approximate formula (53) is well-confirmed numerically). It is seen that the cooling effect disappears both for sufficiently small and large values of κ (which we recall is negative for the outward flow due to c < 0; see Table I ). This is because the boundary condition (56) ceases to hold. The cooling effect is locally maximal before its disappearance; see Fig. 5 .
G. Dependence of cooling on the rotation speed
Since the angular (vortical) motion is necessary for above cooling scenarios, we turn to studying in detail the dependence of cooling temperature profiles on the rotation speeds v 1 and v 2 of cylinders. It is natural to assume that these variables change by keeping the ratio v 1 /v 2 fixed. Now α is fixed parameter as well [see (9) ] and hence we stay within the quasi-solid vortex regime. This is useful, because this regime is observed experimentally for a broad regime of experimental parameters [4, 27] .
Since now v 2 is a variable we need to redefineT given by (21) ; see also Table I 
2,0 η T that equals toT evaluated at some fixed reference value v 2,0 of the velocity v 2 , i.e.T 0 does not already have a parametric depedence on v 2 . Now we get instead of (53):
where g(x) is still defined by (52), i.e. it does not have any parametric dependence on v 2 or on ǫ. According to (71), a larger ǫ means a bigger deviation of v 2 from its reference values. Fig. 6 shows temperature profiles (71) for different values of ǫ and for parameters given by (58, 62). For given values of parameters, there is a value of v 2 , where the cooling effect is maximal, i.e. the lowest temperature is reached. For the parameters of Fig. 6 this critical value is found from ǫ = 0.8. When v 2 decreases from this critical value, the cooling effect ceases to exist, since the cooling boundary conditions-as given by (56) or (57)-cannot hold anymore, i.e. the curve in Fig. 6 that corresponds to ǫ = 0.78 is void of physical meaning. When v 2 increases from the critical value, the magnitude of vortex cooling-as measured by the lowest temperature reached-monotonously decreases. In particular, for a larger ǫ, we need to take a larger x 0 = r 1 /r 2 (i.e. x 0 → 1) to achieve cooling; see Fig. 6 .
V. RELATIONS WITH EXPERIMENTS
A. Effective viscosity
The actual flow in vortex tubes is highly turbulent [4] . Hence if one uses hydrodynamic equations (in particular, Navier-Stockes equations) with constant values of viscosities η and ζ and heat-conductivity λ, it is at very least necessary to employ there effective (i.e. turbulent or nonmolecular) estimates for these parameters [29, 45] .
Taking into account that the considered flow is confined and inhomogeneous (i.e. there are radial and angular flows) we choose to estimate the turbulent viscosity η via the Nusselt's formula [44] , which was originally proposed for estimating the turbulent viscosity in pipes. Ref. [45] found that this formula applies for describing compressible turbulence in a sufficiently wide range of Reynolds numbers. The formula reads [44, 45] :
where v φ is the characteristic value of the angular velocity, and l is the characteristic length, and η mol is the molecular viscosity: η mol = 1.8 × 10 −5 kg/(m s) for the air. Also, taking in (72) typical experimental parameters for vortex tubes [27] : ρ = 1.2 kg/m 3 , v φ ≃ v sound =331 m/s and l = 0.1 m, we get
which is several orders of magnitude larger than η mol . The estimate (73) roughly coincides with an estimate given in [22] via the mixing-length formula [45] : η =
dr 2 is the mixing length and where β is a suitable numerical constant. It is this specific form of the mixing-length formula that can apply to compressible turbulence [45] .
B. Comparison with experiment
Let us recall that the present model omits several physical factors that are met in realistic vortex tubes; see section I for a discussion of basic set-ups for vortex tubes. In particular, the axial motion is neglected, and the fluid is removed radially (in contrast to axial removal in vortex tubes). Hence the model set-up has one (not two) output temperatures, and the whole outgoing fluid is cooled (in contrast to the standard Ranque tube which has two output flows and achieves temperature separation [4] ).
Taking into account (27) , the magnitude of cooling is predicted from (63) to be around 10 K. Note that best vortex tubes provide (starting from 300 K) a larger cooling of order 70-80 K [2] [3] [4] . Though such a stronger effect is lacking in the present model, we recall that in those cases only a part (e.g. ∼ 20 % according to [2] ) part of the overall flow is strongly cooled, the remaining part is heated up. In the present model the whole outgoing fluid is cooled.
The Hilsch efficiency ξ H of cooling obtained in the present model is of order of 0.1 − 0.4; see Figs. 2-4. It also agrees with experiments, though not for the most efficient vortex tubes, where ξ H can be as high 0.6 − 0.7 [2, 4] .
The magnitude of the radial flow over the angular flow, expressed by
also agrees with experimental measurements [4, 5] , though it is to be stressed that these measurements were carried out for sufficiently long vortex tubes, where the axial velocities (neglected altogether in the present model) are definitely larger than the radial velocities. The quasi-solid vortex (58) forv φ (x) is also seen experimentally, though the experimental results also indicate that for x ∼ 1,v φ (x) starts to decay, i.e. the quasi-solid vortexv φ (x) ∼ x 1+κ (for our model we took κ ∼ −0.5) changes towards the potential vortexv φ (x) ∼ x −1 [4, 5] . This change ofv φ (x) is given much importance in certain theories of vortex cooling [3, 4] , but is not present here. The input density is estimated from (4, 21) :
. kg/(m s) in (75). Estimating from the present model w(1) ≃ 10 −4 (and recalling p = RρT /µ) we get that the input pressure is few times larger than the atmospheric pressure [1] . Altogether, given limitations of the present model, and complications of the flow in real vortex tubes, one can say that the model is in a fair qualitative agreement with experiments, though it is far from predicting (and explaining) the features of best vortex tubes, those providing the largest efficiency or the largest magnitude of cooling.
Savino and Ragsdal presented a simplified set-up of vortex cooling effect [27] that in several respects is similar to the present model. They studied two short (compared to the diameters) concentric cylinders; the length to diameter ratio was 0.1 and 0.5 for two different samples. (For traditional Ranque-Hilsch tubes the length to diameter ratio is 20-50). The rotating air enters radially from the whole outer permeable cylinder and leaves through the inner (smaller) cylinder. Rotational flow was created via the outer cylinder with Mach number ≃ 0.2. The velocity of this flow was much larger than that of the radial flow. The authors found a cooling effect in terms of the radial variation of the stagnation enthalpy 9 (no data on thermodynamic temperature or velocities was given). The magnitude of this cooling effect is lower than predictions of the present model; cf. the stagnation enthalpy data in Figs. 2-3 . They confirmed that the radial distribution of the stagnation enthalpy is established already near the end-wall of the tube and is not affected by the weak axial flow. In particular, the axial change of the stagnation enthalpy was much smaller than the radial one. (Hence it was legitimate to neglect the axial flow in the model.) They found that the experimental data can be described by (54), where pressure is balanced by the centrifugal force (this equation does not contain the viscosity explicitly). It was observed that the pressure decreases monotonically with the radius, as confirmed by (55) of the present model.
VI. COOLING OF OUTWARD FLOW
A. Conditions for cooling
Now we assume that c > 0 (i.e. κ > 0 and b > 0) and the outer boundary of the system is thermally isolated in the sense of (47). Hence the outgoing fluid being colder than in-coming one, this implies (for c > 0)T ′ (1) < 0, and then (47) demandŝ
at the adiabatic outer boundary. No specific conditions are imposed at the inner boundary r = r 1 that can be thus considered as a control surface. The full expression forT ′′ (1) is worked out from (18, 19) [recall (25) ]:
(78)
The first line (77) contains potentially positive terms, while all terms in (78) are non-positive. Hence (76) demands that (78) is sufficiently small, e.g. via w ′ (1) → 0. Likewise,T ′ (1) cannot be very small. If w(x) and w ′ (x) are sufficiently small,T (x) can be approximately determined from (53, 52). However, (54, 55) do not apply anymore, because the (dimensionless) pressurep(x) =T (x)/w(x) is now a decreasing function of x for x ∈ [x 0 , 1]. Thus, w(x) is now essential in (19) and it is important for determining the energetics. The physical reason for this is that the work ∆ W r [see (31) ] done by viscous radial forces is relevant, as seen below. Fig. 7 demonstrates the main outward-flow cooling scenario for α = 1; cf. (8) . The magnitude of cooling is now sizable
The temperature profileT (x) shown in Fig. 7 coincides with that found from (59, 60), where nowT ′ (1) < 0 and x min in (60) should be changed to x max , because this is now the maximum ofT (x). Then one should take x 0 > x max so that the temperature decreases for x 0 < x < 1.
B. Energetics, entropy and efficiency
We expectedly have
i.e. the heat enters from the inner boundary x = x 0 and leaves at the outer boundary x = 1; see (48). We see numerically thatQ 1 Q 2 ; see Fig. 7 . Now ∆ W φ < 0 (rotating cylinders invest work), as we discussed after (30) . But the radial external forces do extract work, ∆ W r > 0 as much that the total work is extracted [see Figs . 7, 8] :
Moreover, the overall kinetic energy (see (29) ) also increases, ∆ E kin > 0 (albeit slightly, as seen in Fig. 7 ) due to contribution κ 2 (1 − x 2+2κ 0 ) of the vortex. The most interesting aspect of this cooling scenario is that the cooling efficiency (37) is larger than 1 [see Fig. 7 ]:
i.e. the adiabatic process provides less cooling, since now the heat transfer from the system is essential; see after (45) . Together with (82), the Hilsch efficiency (38) is also larger than 1: ξ H > 1; see Fig. 7 . Eq. (82) is thermodynamically consistent. Recalling (39, 43) , we see that the upper bound (45) amounts to
T (1) . This expression is positive; cf. (80). Hence it is possible to have (82) provided that the entropy production is sufficiently small, which appears to be the case, as confirmed numerically. We stress again that ξ > 1 is possible due to heat conductivity; cf. the discussion after (45) .
Due to (39) and (82), the entropy entering to the system is larger than the one that leaves it [cf. (65)]:
Thus we get that (without any investment of overall external work) the temperature, stagnation enthalpy and entropy decrease, while the kinetic energy increases. The outgoing fluid is more ordered, since not only its thermal energy decreases, but also the kinetic energy increases.
C. Physical mechanisms of the effect and cooling without vortical motion
We saw around (68, 69) that in order to get inward flow cooling it is necessary to have an angular motion with the viscous forces doing work of the proper sign. Here the physical meaning of cooling can be clarified along the same lines. We get from (18) and (29) (30) (31) (32) 
(84)
Now cooling implies that outgoing fluid has lower energy: E ′ (x) < 0. Possible necessary conditions for cooling is provided by the heat conductivity: Q ′ (x) > 0, and/or by the work done via radial viscosity: W ′ r (x) > 0. Figs. 7 and 8 show that both these conditions hold. The contribution of Q ′ (x) > 0 is larger than that of W ′ r (x) > 0. But the vortex contribution has the same sign as energy: W ′ φ (x) < 0; cf. with (69). Hence a similar cooling scenario is also possible without vortex, i.e. forv φ = 0 in (18, 19) . In fact, eliminating the angular motion almost does not change the temperature profile in Fig. 7 . The main difference with the above situation is that the kinetic energy decreases, ∆E kin < 0, since the vortex motion is now absent.
Note that to eliminate the vortex from equations of motion, one should take v φ = 0 in (18, 19) , and to suppress the last factor −α(2 + κ) + 2 + κ 2 in (25), as well as −(α(2 + κ) − 2) 2 in (78). Definitions (21, 22, 23) of dimensionless parameters still apply, where now v 2 = v 2,0 is an arbitrary characteristic velocity; see section IV G. It drops out from (18, 19) .
A simple analytical description of the temperature profile can be obtained from (18) assuming that the change of w(x) can be neglected. (But note that the change of w(x) within (19) cannot be neglected.) Taking in (18) v φ = 0, w(x) = w(1) and w ′ (x) → 0, we get
. This solution exists only forT ′ (1) < 0 (recall that b > 0) and it is a maximum ofT (x). Hence one should take x 0 > x max in order to get a monotonic decrease of temperatureT (x) from x = x 0 till x = 1.
One feature of this cooling scenario is that once w(1) (the boundary condition for the outward flow) decreases, the solution of hydrodynamic equations (18, 19) ) ceases to exist below a certain critical value of w(1), because now w(x 0 ) becomes negative. Recall from (4) that a negative w(x 0 ) for c > 0 is not acceptable, since it would mean a negative mass density ρ. Thus, if w(1) is decreased, then c also has to decrease, to keep the solution physical.
Generally, the magnitude (79) of the cooling increases upon decreasing the radial flow c, i.e. for c → 0. This can be seen from (85) or from Figs. 8. But this limit c → 0 is not useful, since it diminishes the cooling power b(T (x 0 ) −T (1)).
D. Geometric aspects of the cooling effect
Note that the present cooling scenario (without vortex) is specific for the cylindrical geometry. Its traces are seen in 1d (plane geometry), but the cooling as such is negligibly weak there; see Appendix C.
To understand the origin of this effect, let us take the situation, where all the velocities vanish (hence c = 0).
Due to the cylindrical geometry, (11) shows that there is still a non-trivial stationary temperatures profile, c e = −λrT ′ 0 that reads in terms of the dimensionless temper-atureT and dimensionless length x = r/r 2 (x 0 ≤ x ≤ 1):
Now it should be clear that (87) does not describe as such any cooling effect. Indeed, forT ′ 0 (1) ≤ 0 we should put a thermally isolated wall at x = 1 (to avoid assuming the existence of even colder temperatures), which leads us tô T ′ 0 (1) = 0, and hence to a constant temperature profile. However, there is a relation between (87) and the temperature profiles obtained above for c > 0 and illustrated in Figs. 7, and 8:T
where we note from (87) thatT ′′ 0 (1) = −T ′ 0 (1), i.e. for T ′ 0 (1) =T ′ (1) < 0,T ′′ 0 (1) agrees with the boundary condition (47) required for cooling.
Eqs. (88, 89)-which we verified numerically-show that the reported cooling effect is the modification of the formal temperature profile (87) to the physical, situation with c > 0. In the 1d case (plane geometry) the general zero-velocity temperature profile (the analogue of (87)) is just T 0 = const, which explains why the cooling effect is negligible there; see Appendix C.
VII. SUMMARY
We worked out a tractable model for describing gasodynamic cooling. The model extends the standard Couette flow between two coaxial cylinders by adding there a radial flow (hence demanding that cylinders are permeable). Only the radial dependence of relevant quantities is retained and the axial flow is neglected.
The model accounts for viscosity, heat-conductivity and compressibility; see section II. They are generally important for gasodynamic cooling, and there are at least two reasons for keeping each of them in the description. Viscosity is to be retained, (first) since we should achieve cooling also in terms of the stagnation enthalpy (as observed experimentally [27] ), and (second) since due to turbulence the actual viscosity is much larger than its molecular value. Heat-conductivity is to be considered simultaneously with viscosity, since the Prandtl number of air is close to one. It is also important for ensuring boundary conditions of cooling. Compressibility is needed, because we need the proper relation between fluid mechanics and thermodynamics, and also because the involved angular velocities are sonic.
The emphasize of our study is not so much in describing details of the vortex cooling effect as observed in experimental examples of vortex tubes, but rather in showing how a hydrodynamic model can account for cooling via specific boundary conditions (see section III), and how already the simplest model can provide new (and thermodynamically consistent) predictions for cooling with efficiency larger than 1.
We show that the model predicts a vortex cooling effect for an inward radial flow; see section IV. Though the general cause of cooling is in the pressure gradient that drives the flow, the local cause is related to the work done by viscous forces. The cooling effect comes in two versions-adiabatic and isothermal-that are closely related, but differ from each other by the boundary conditions. In several ways the obtained cooling effect is similar to what was experimentally seen in Ref. [27] for a short uniflow vortex tube. In accordance with experimental results, the model predicts that the efficiency of vortex cooling is generically smaller than 1 [see section II G], though the concrete values for the efficiency and for the magnitude of cooling are lower than what was observed for best vortex tubes.
The model predicts as well a cooling effect that was (to our knowledge) so far not observed experimentally; see section VI. This effect is realized for an outward flow and it does not need an angular (vortical) motion. Its cooling efficiency is larger than one, i.e. for the given gradient of pressure, this cooling is more efficient than the adiabatic (i.e. entropy conserving) thermodynamic process. This cooling effect is consistent with the second law, and it is possible due to heat-conductivity. It has partly a geometric origin, since it is negligible for the plane geometry.
There is an experimental report on the Hilsch efficiency being larger than 1 for a counter-flow tube (where only a part of the air is cooled) [42] . However, this result was was not reproducible in [6] . According to the author of Ref. [6] , the report concerned externally cooled vortex tubes; cf. our discussion in section III. Hence we conclude by stressing that cooling with an efficiency larger than one is an open problem. (18) . This equation integrates and determines temperature inside of the vortex (x ≡ r/r 2 )
where we employed (25, B1) for expressing β viaT ′ (1), and where α is given by (9) under κ = 0:
Note that taking the inner radius r 1 to zero, r 1 → 0, does not lead to anything interesting: in this limit we get α → 1, (B2) impliesT (x) =T (1) +T ′ (1) ln x, but we have to assume alsoT ′ (1) = 0 for preventing the singularity at x → 0. ThenT (x) does not depend on x.
Hence r 1 should be kept finite. Interesting (stationary) cooling scenarios are those, where the low temperatures created inside of the fluid are not due to even lower temperatures imposed on its boundary. In particular, if one of the boundaries is left without thermal isolation-so there is an active thermal bath working at this boundary-then the inside temperature should be lower than the temperature of this bath.
Let us start with the case, where no thermal isolation is imposed for both boundaries. ThenT (x) should have a local minimum at some x ∈ (x 0 , 1). Eq. (B2) shows that there is only one solution x = x max ofT ′ (x) = 0:
If 0 < x max < 1 (for which it is necessary and sufficient thatT ′ (1) < 0), then x max is the local maximum (not minimum) ofT (x). Hence we get no cooling for this case.
Next, let us thermally isolate the outer boundary: T ′ (1) = 0. We get from (B2):
ThenT (x) is a monotonically increasing function of x, i.e. the inside temperatureT (x) is larger than the (inner) bath temperatureT (x 0 ). For a thermally isolated inner boundary,T ′ (x 0 ) = 0,T (x) is a monotonically decreasing function of x [see (B4)], i.e. again we get no interesting scenarios of cooling. There are no solutions when both boundaries are thermally isolated; see (B2). The absence of interesting cooling scenarios is confirmed by looking at the total work produced by external forces that rotate the cylinders. It reads from (35) [with κ = 0]:
The negativity of (B6) means that the work is invested externally and dissipated for overcoming the viscous forces. This work leaves the system as heat. Thus three regimes are impossible for the considered Couette flow:
-It cannot cool the fluid isothermally, i.e. when both boundaries are kept at the same temperature.
-It cannot cool the fluid adiabatically: no regime exists when one boundary is thermally isolated, while another one is subject to a thermal bath, and it is demanded to get the fluid colder than the active bath temperature. Hence low-temperatures present in the system according to (B2) do not constitute any non-trivial cooling: they are due to the low-temperature bath present at one of boundaries. Put differently, for the Couette flow the active bath is the one with the lower temperature.
The above two conclusions seem to hold rather generally for stationary hydrodynamic systems without mass flow, though we so far did not get a general argument for their validity. At any rate they hold for the (generalized) Couette (sometimes also called Taylor-Dean) flow, where the fluid is subject to azimuthal driving with a volume force f , where only the φ-component f φ (r) of f is non-zero, but it is an arbitrary function of r.
-The Couette flow cannot also function as a heatengine, since-irrespectively of the values of T (r 2 ) and T (r 1 )-the work is always dissipated; see (B6). 
1d Navier-Stokes and energy equations read in dimensionless form
where 0 ≤ x ≤ 1, L is the distance between two plates, β and γ are constants, and we introduced the following dimensionless parameters:
The constants β and γ can be expressed via (respectively) 
